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CHAPTER

Introduction

1.1 Usage and importance of bipartite graphs

Bipartite graphs, denoted as G = (U, V, E) with U and V two disjoint and inde-

pendent sets of vertices and E the set of edges connecting U vertices to V' vertices.
Bipartite network
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Incidence matrix

X is the incidence matriz and is the mathematical object on which computa-
tions are performed. It is filled with the following rule:

Xi; = 0 if no interaction is observed between species 7 and j
Xi;j #0 otherwise

If the network represents binary observations (like presence-absence) then X;; €
K = {0,1},¥(i,j); if the interactions are weighted (like an abundance count),
X;j € K=N,¥(i,7).

This representation can be used to represent various forms of interactions were
two kinds of “actors® interact. Those interactions can be binary or valued and a
numeric representation is the incidence matrix, in the above example X.

Among the use case of bipartite graphs one can find the Netflix Problem, which
was a prize organized by Netflix to improve its Recommender system. The row
nodes are the movies and the columns are the user, at the intersection the value
is the review of the user j for the movie .

Another use is the representation of ecological interactions like plant-pollinator
(Ramos-Jiliberto et al., 2010), birds-seed dispersion, prey-predator or host-parasite
(Kaszewska-Gilas et al., 2021). For plant-pollinator interactions, the rows are
pollinator species and the columns are plant species, and the intersection is a
value, binary if it is a presence/absence or a value if it is an abundance count.

Bipartite graphs are widely used in biology in general, in various fields, among
which the previously cited ecological networks, but also in medicine with biomed-
ical networks, biomolecular networks or epidemiological networks. (Pavlopoulos
et al., 2018)
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2 Introduction

Some interesting results can arise when applying a tool widely used on a par-
ticular kind of interactions is used on another kind of interactions. Companies
like Netflix or Amazon use recommender system, to recommend other products to
consumers based on their previous interactions. In Desjardins-Proulx et al., 2017
the authors use the K-nearest neighbour (KNN) algorithm as a Recommender to
predict missing preys for predators in a predator-prey network.

1.2 Latent Block Model

The Latent Block Model (LBM) introduced by Govaert and Nadif, 2010 adapts
the Stochastic Block Model (SBM) (Holland et al., 1983; Snijders & Nowicki, 1997)
to bipartite graphs.

Note : Please note that we prefer the term “BiSBM* and will use both LBM and
BiSBM to designate the Stochastic Block Model applied on bipartite networks.

This model supposes that:

e Row nodes are members of row blocks and column nodes are members of
column blocks.

e The connectivity of two individuals is determined by their block member-
ships.

e An interaction can only occur between a row and a column node.

A
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Figure 1.1: An LBM model visualization

o ()1 = |{e, e, }| given blocks in rows

e (s = |{e, e, =}| given blocks in columns

Parameters
o 1, =P(Z; = o) for rows and p, = P(W; = e) for columns

o o, =P(X;; = 1|Z; = o, W, = o), probability of connectivity knowing node
membership blocks.
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On 1.1, v are the probabilities for a row node to belong to the row block of
corresponding color, p are the probabilities for a column node to belong to the
column block of corresponding color and « is a matrix ¢; x ()2 of the connec-
tivity parameters between the row and column blocks. When we talk about the
“structure” of the network we are referring to this connectivity matrix.

This model can be used to easily generate bipartite graphs with complex and
very varied structures. But when trying to determine the structure of a given
network we need to find those parameters and as the row and column block mem-
berships are latent i.e., they are not known and must be inferred.

For this a common approach is to use a variational EM algorithm (proposed
for SBM in Daudin et al., 2008 and for LBM in Govaert and Nadif, 2005) those
groups and the required parameters can be inferred by maximizing a lower bound

of the likelihood.

1.3 colSBM model, a joint model for a collection of
networks

The colSBM model introduced by Chabert-Liddell et al., 2024 propose an ex-
tension of the SBM model to collections of simple (or unipartite) networks. A
collection is a set of networks which nodes are not common or linked between
different networks, the interactions have the same valuations and are of the same
type.

The model can retrieve the shared structure in a collection, indicate if networks
should be grouped in a collection and in a large pool of networks, collections with
common structures.

The next step after designing this collection model for unipartite networks was
to extend it to the bipartite case.
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CHAPTER

Structure detection in a collection of
bipartite networks

2.1 Definition of a collection

We define a collection of bipartite networks as X = (X!,...X™ ... XM) the
collection of incidence matrix. Moreover, all the networks in the collection have
the same type of interaction (e.g., all interactions are binary).

2.2 Separate BiSBM (sep-BiSBM)

A first approach to deal with a collection of networks is to adjust separate BiSBM
for each network of the collection.

For network m, let ni* (resp. nj") be the number of nodes in row (resp. column)
divided into Q7" row clusters (resp. Q5* column clusters).
Let 2™ = (Z1",....Z", ..., Zyw) and W™ = (W™, W™, ..., Wih) be inde-
pendent latent variables such that Z" = ¢ if row node ¢ of network m belongs
to row cluster ¢ (¢ € {1,...,Q7'}) and W™ = 7 if column node j of network m

belong to column block r (r € {1,...,Q45}). And we have

(2" = q) = 7", POV = 1) = p" (2.1)

r=1
Z™, W™, the X''s are assumed to be independent and distributed as

where 7" > 0, p* > 0, ZQQ:T; myt =1 and Z%n p* = 1. Given the latent variables

where F is referred to as the emission distribution. F is chosen to be the Bernoulli
distribution for binary interactions, and the Poisson distribution for weighted in-
teractions such as counts. Let f be the density of the emission distribution, then:

X7 log(agy) + (1 — X7)log(1 — ag)  for Bernoulli emission
—ag + X7 log(ay,) — log(X[7!) for Poisson emission
(2.3)
Equations (2.1), (2.2) and (2.3) defines the BiSBM model and we will now use
a short notation:

log f(Xjj; oge) = {

X™ ~ F-BiSBM i (QF, Q3 7™, p™, ™) (sep-BiSBM)

4
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where F encodes the emission distribution, nj*, n}* are the row and column nodes,

7, Q4" are the number of row and column blocks in network m, 7w = (ﬂg”)q_ L.
—Lyeenlwy
and p" = (PT>r:1,...,an are the vectors of their proportions. The Q7" x QJ" ma-

trix o™ = (ay;)¢=1,..@p are the connectivity parameters, the parameters of the
r=1,...,Q%"

emission distribution. o, € Ar where, for the Bernoulli (resp. Poisson) emission

distribution, Ax = (0,1) (resp. Ar = R*"). In this sep-BiSBM each network m

is assumed to follow a BiSBM with its own parameters (7™, p™, a™).

2.3 Definition of the colB1SBM models

Chapter 2

2.3.1 A collection of iid bipartite SBM

As for colSBM this first model is the most constrained. It assumes that all the
networks are the independent realizations of the same )1-Q)2-BiSBM with identical
parameters. The #d-colBiSBM is defined as follows:

X"~ F — BiSBMym pn (Q1,Q2, 7, p,x), Vm=1,...M  (iid-colBiSBM)

where ¥(q,7) € {1,...,Q1} x {1,...,Q2}, g € Ar, m, € (0,1], 52 7, = 1
and p, € (0,1], 3% p, = 1. This model involves (Q; — 1) + (Q2 — 1) + Q1 x Qs
parameters, the two first terms corresponding to block proportions on the row and
column dimensions and the third term to connectivity parameters.

But the assumption that block proportions are the same among the networks
is a strong assumption. In plant-pollinator networks, the proportion of specialist
species can differ between networks and thus the model may benefit from not
having the same block proportions but sharing a common connectivity structure.
The following models relaxes this assumption on either row, column or both.

2.3.2 A collection of bipartite SBM with varying block size on
either rows or columns

m-colBiSBM model still assumes that the networks share a common connectivity
structure represented by a but that each network has its own row block propor-
tions. For m € {1,..., M}, the X™ are independent and

X"~ F — BiSBMyp nm (Q1, Q2, 7™, p,a), Vm=1,...,M (m-colBiSBM)

where V(q,7) € {1,...,Qi}x{1,...,Q2}, agr € Ar, 7" € [0,1], Zqull ' = 1,Ym €
{1,...,M} and p, € (0,1], 3%, p, = 1. This model is more flexible than the iid-
colBiSBM as it allows some row block proportions to be null in certain networks
(mqt € [0,1]): if ;" = 0 then the block ¢ is not represented in the network m. The
connectivity structure is thus a subset of a large connectivity structure common
to all networks. We face the same problems as Chabert-Liddell et al., 2024 and
adapt the support S they define for the m-colSBM to the bipartite case by having
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St of size M x (), the support for the rows and S? of size M x ()5 the support for
the columns. Thus S, = 1rmso and S2 . = 1,m>0. In this case, S* = 1, because
there is no freedom on the column dimension.

For a given number of blocks Q, Q> and matrix S (S? being in this case the
matrix full of ones), the number of parameters is:

NP (7-colBiSBM) Z (Z ) Q=1+ > Lsus,

m=1 q=1,....Q1
r=1,...,Q2
The first term corresponds to the non-null block proportions in each network. The
third quantity accounts for the fact that some blocks may never be represented
simultaneously in any network, so the corresponding connection parameters oy,
are not useful for defining the model.
p-colBiSBM model still assumes that the networks share a common connectiv-
ity structure represented by a but that each network has its own column block
proportions. For m € {1,..., M}, the X™ are independent and

X"~ F — BZSBMngn’ngn (Ql, QQ, T, pm’ Of), VYm = 1, . ,M (p—COlBlSBM)

where V(q,7) € {1,...,Q1} x {1,...,Q2}, agr € Ar, m, € (0,1], Zq . Ty =1 and
€1[0,1], Z 2, prt = 1. This model is more flexible than the iid-colBiSBM as it
allows some column block proportions to be null in certain networks (p* € [0, 1]):
if p/* = 0 then the column block r is not represented in the network m.
“Mirroring” the formulas for the 7-colBiSBM we relax the constraints on the
column dimension.
For a given number of blocks @1, Q> and matrix S? (S' being in this case the
matrix full of ones), the number of parameters is:

M Q2
NP(p-colBiSBM) = (Q1 — 1) + Y (Z S2 - ) Z 1(suse),
m=1 r=1 q=1

T:17 7Q2

mp-colBiISBM model still assumes that the networks share a common connectiv-
ity structure represented by a but that each network has its own row and column
block proportions, it is the less constrained model. For m € {1,..., M}, the X™
are independent and

X"~ F = BiSBMyp pp (Q, Q2, ®™, p™, cx), Ym =1,..., M (mp-colBiSBM)

where V(q,T) € {1 Ql}x{l QQ}a Qqr € Af? W;n < [07 1] ) Zqull 7";” = 17vm €

{1,...,M} and pI" € [0 1], Zrlpr—l.
For a given number of blocks @, @ and matrices S, S?, the number of

parameters is:

M Q1 M Q2
NP(rp-colBiSBM) = > <ZS,£W—1> +) (ZS?W ) Z L(ss2),,>0
m=1 r=1

m=1
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2.4 Variational estimation of the parameters

In practice, the estimation of the likelihood is not tractable. Following the clas-
sical approach defined in Daudin et al., 2008 we use a variational version of the
Expectation Maximization (VEM) algorithm.

We maximize a variational lower bound of the log-likelihood of the observed
data, the so-called Evidence Lower Bound (or ELBO), by approximating p(Z, W|X; 0)
with a distribution on Z and W named R defined as R = @_,R,,.

The lower bound is defined as:

M

TR0 =3 (ER (X", 77, W 6)] + H(Rm>) < U(X;0)

=1

Chapter 2

(2

sion (le., Z' =q— Zjy =land W]" =r — W =1).

(Z")i=1..ny and (ij)jzlmngn are redefined using the one-hot encoded conver-

When R,, is issued from the set of the factorizable distributions, we denote
7" =Pr,, (Z = 1|X7) and 7" = Pg,, (W = 1|X[), thus we have: Pr, (Z =
LWE =1|X™) =Pg, (2 = 1|X2)xPg,, (W = 1|X2) = rp" <73,

The formula for the entropy per network is thus:

ni ny'
o 1,m 1,m 2m 2m
— E Tim logTi’q — g Tir logTj’T
i=1 j=1

And the expectation of the completed log-likelihood under the R,, variational
distribution for network m is:

m m
ny Ny

Er, [((X™, 27" W™ 0] =>">" " Y rmrilog f(X] o)

=1 j=1 q€Q1,m T€Q2,m
ny ny'
1,m m 2,m m
+2 > mitloem ) D T gy
=1 qGQLm ]:1 T€Q2,m

And thus the lower bound becomes:

ny* ng

J(r; Z(ZZ > 2 T g F(X s ay)

= i=1 j=1 q€Q1,m r€Qam

+Z Z 7' log7rq’”~|—z Z log p."

i=1 qulm .7 1 reQ2m
ny’ ny'
1,m 1 1,m 2,m 1 2,m
2 Tiq 98Tiqg T 2 Tir 08T,
i=1 j=1

where we identify the variational distribution R with its parameter 7.
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The VEM algorithm alternates between two steps, the variational E step and
the M step. The E steps consists in optimizing J(7;8) for a current value of 0
with respect to 7. And the M step consists of maximizing J(7; @) with respect to
0 and for a given variational distribution 7.

2.4.1 Variational E step

At this step we maximize with respect to the variational distribution 7:
7+ = arg max J (7, 8%).
T

And we obtain the following formulae for the 7™

A1, ~m(t) A F2m(t+1) .

T o Fol) H HTGQW F(X7 ag ) ir Vi=1,...,n" qe€ Qn
~2,m ~m(t) H f(Xm A(t))Al m(Etl) Vi=1 m c Qm
Tj'r OCpr =1 qeQT ij J=4L4...,Ny,T 2

which are used to update iteratively the values by a fixed point algorithm with
only one step.

2.4.2 M step of the algorithm

At iteration (t) the M-step maximizes the variational bound with respect to the
model parameters 6:
9(t+1) — arg mélxj( t-‘rl)’ 0)

The following quantities are involved in the obtained formulae:

nyt ng' nyt ng' ny’ ny'

Lm 2m m 1m 2m 1m __ 1m 2m __ 2,m
=2 2 m"mKG =2 ) m T g = " m =) T
=1 j=1 =1 j=1 =1 J=1

The block proportions, in free mixture models, (7;")scor, (P )reop are esti-
mated as

T = —— for m-colBiSBM and mp-colBiSBM
ny
2,m

[ ”rm for p-colBiSBM and mp-colBiSBM
Ny

while on the other hand,

M
~ 2m=1 n;m

Ty = =37 for 7id-colBiSBM and p-colBiSBM
Zm:l ngn
ZM n2,m

pp==m=l " for 7id-colBiSBM and m-colBiSBM

T M
Zm:l ,n72n

the parameters take into account all the networks at the same time. The connec-
tivity parameters a,, for all models are estimated as the ratio of the number of
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interactions between row block ¢ and column block » among all networks over the
number of number of possible interactions:

M
Zm:l e:;‘

an‘;le Ngr

Please note that those formulae can vary with the emission distribution used.

Oéqr ==

2.5 Model selection

The section 2.4 explains how we estimate the parameters of the model for fized
number of blocks @)y and (). But as they are in general not known we need
to explore the latent space to find the best values. As discussed in Chabert-
Liddell et al., 2024, the algorithmic aspect becomes complex when dealing with
the bipartite case. Due to the size of the latent space being N2, conducting a
complete exploration of the latent space is practically infeasible. Therefore, in
addition to adapting the existing formulas, our contribution to addressing this
challenge involved making significant choices, which are outlined below.

The below procedures are implemented in the colSBM package, available on
https://github.com/Chabert-Liddell /colSBM.

2.5.1 The Bayesian Information Criterion like (BIC-L) cri-
terion for model selection

To select the best number of blocks we need a criterion to measure adequacy
between our model and data. The ELBO might seem a good criterion at first but
as for the likelihood, the more complex a model the higher it gets. And thus a good
criterion should make a trade-off between fitting to data and model complexity.

The Integrated Classified Likelihood (ICL) is a well-established tool in the SBM
and LBM domains for selecting the appropriate number of blocks. It was intro-
duced by Daudin et al., 2008; Biernacki et al., 2000. The ICL is derived from an
asymptotic approximation of the marginal complete likelihood. In this approach,
the model parameters are integrated out using a prior distribution, resulting in a
penalized likelihood criterion. By employing the ICL, one can effectively determine
the optimal number of blocks for the given problem in a systematic manner. We
obtain the following expression

1
ICL = mgax]Eﬁ[E(X, Z,W;0)] — pen

with pen the penalties. R

Using the formula E5[((X, Z,W;0)] ~ ((X;60) — H(R), it becomes clearer, as
highlighted in the existing literature, that the Integrated Classified Likelihood
(ICL) gives preference to well-separated blocks by imposing a penalty on the en-
tropy of node grouping. However, the objective of our study extends beyond group-
ing nodes into coherent blocks. We also aim to assess the similarity of connectivity

Chapter 2
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10 Structure detection in bipartite collection

patterns across different networks. Consequently, we aim to permit models that
offer more flexible node grouping without penalizing entropy.
This leads us to formulate a BIC-like criterion in the following manner:

BIC-L = maxE[((X, Z, W3 0)] + H(R) — Lpen = max J(R,6) ~ Lpen

We provide below the expression for the penalties for the 4 models that we
propose.

1td-colBiSBM For the m and p:

M M
pen, (Q1) = (Q1 — 1)log(Y nl"),  pen,(Q2) = (Q2 — 1)log( ) ny)
m=1

m=1
For the a:
pena(Ql,Qg) = Q1 X Q2 10g(NM)

M
Ny = E ny" X ng'
m=1

And thus the BIC-L formula is the following:

with

BIC-L(X, Q1,@2) = max T (R,0) — 3 [pen (Q1) +pen, (@2) + pen, (1, @z

7p-colBiSBM The support penalties are
peng, (Q1) = —2logpg, (51), peng, (Q2) = —2log p,(S52)
with
log po, (1) = —M log(Q1) = Yy log (7).
log po, (S2) = —M log(Q2) — Y5, 1og (7).

And penalties for the p and 7 are

M M
pen (Q1,S51) = Z(ng) —1)lognY", pen,(Qa, S2) = Z( (™ — 1) log n".
m=1 m=1

Penalties for the

pen, (Q1, @2, 51, 52) = ZZ L(s1ys5>0) log(Nu).

q=1 r=1

And the corresponding BIC-L formula,
BIC-L(X,Q1,Q2) = max[  max  J(R,05,.s,)

1,592 0s,,9,€05,,s,

_%(Penw(Ql» S1) + pen,(Q2, 52)

+ pena(Qh QQ: 517 82)
+ peng, (Q1) + peng, (Q2))]
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2.5.2 Initialization and pairing of the models

The row (resp. column) block memberships are the labels of row (resp. column)
nodes corresponding to the group to which they were assigned based on their
connection patterns. This adds another layer of complexity to the model selection
as we need to find the best ()1, Q)2 and the best memberships for each vertex.

First to combine the information from the M networks we fit a LBM model for
each network at the two points @) = (1,2) and @ = (2,1). Using the previously
described VEM algorithm we obtain for each network its parameters (p, 7, ).
We then compute the marginal laws for each dimension, for each network. Then
we order the network blocks by the probabilities obtained in decreasing order.

For the memberships on the columns: col order,, = order (7, X au,).

For the memberships on the rows: row order,, = order (p, X *(a,,)).

Using this order we relabel the memberships for the M fitted collection of a
single network. We then use the M memberships to fit a collection containing the
M networks.

2.5.3 Greedy exploration to find an estimation of the mode

Using the previously fitted models for @ = (1,2) and @ = (2,1) we choose to
perform a greedy exploration to find a first mode.

Meaning that for a given Q = (Q1, Q2) we will compute all the possible mem-
berships for the points Q € {(Q1+1,Qs), (Q1, Qo+ 1), (@1 —1,Q2), (Q1, Q2 — 1)},
fit the corresponding models and choose the one that maximizes the BIC-L as the
next point from which to repeat the procedure. We repeat the procedure until the
BIC-L stops increasing 2 times in a row.

Algorithm 1: Greedy Exploration for Mode Estimation
Input : Fitted models for @ = (1,2) and @ = (2,1)
Output: Estimation of the mode using greedy exploration

Initialize @ = (1,2) as the starting point
Initialize BIC-L,ax as the maximum achieved BIC-L value
Initialize consecutive_count as 0

while consecutive_count < 2 do
Compute possible memberships for

Qe {(Q1+1,Q2),(Q1,Q2+1),(Q1 —1,Q2),(Q1,Q2 — 1)};
Fit models with the computed memberships Choose the model with the
maximum BIC-L as the next point

if BIC-L > BIC-Ly,4; then
BIC-Lpax < BIC-L

consecutive_count < 0
end

else
| consecutive_count < consecutive_count + 1

end

Q@ <+ Next selected point
end

Output: Estimation of the mode using greedy exploration

Chapter 2
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Figure 2.1: Moving window procedure, the center node marked with an X is the

mode of BIC-L

When this first estimation of the BIC-L mode has been find we apply the
moving window on it.

2.5.4 Moving window to update the block memberships and the
BIC-L

The moving window is used to update the block memberships on rows and columns
and fit new models with those changes. To define the window, we use a center point
and a depth, giving us the bottom left corner (Q1 center — depth, Q2 center — depth)
and the top right corner of the window (Q1 center +depth, Q2 center +depth). All the
points in this square will be updated and contribute to the update of the others.
This procedure is repeated until convergence of the BIC-L.

The figure 2.1 illustrates the procedure. It consists of two alternating steps:

e the forward pass: repeatedly computing the possible splits to fit the current
model.

e the backward pass: computing the possible merges to fit the current model.

Forward pass The forward pass consists for a model at (@1, Q2) to compute the
possible splits from the block memberships of its “predecessors”. The predecessors
are the point at the left (Q; — 1,@Q2) and below (Q1, Q2 — 1) the current model (if
they exist). To update the current model, we take its predecessors block member-
ships and try to split one of the blocks in two. Then the current model is fitted
using this clustering as a starting clustering. Once all the possible splits are fitted,
they are compared, keeping the best, in the sense of the BIC-L. If a model was
already present it is also compared and the best is chosen as the model for this

round at (Q1, Q).
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Algorithm 2: Moving Window Procedure

Input : Center point (Q1 center; @2 center), depth
Output: Best model with maximum BIC-L in the window

Define bottom left corner (Q1 center — depth, Q2 center — depth)
Define top right corner (Q1 center + depth, Q2 center + depth)

while not converged do
Forward pass:
fOI' Ql S [Ql,center - depth; Ql,center + depth] dO
for Q2 € [Q2,center - depth; QQ,center + depth] do
Compute possible splits from predecessors (Q1 — 1,Q2) and
(Qlu Q2 - 1)
Fit models with the block membership changes Compare and keep

the best model based on BIC-L
end

end

Backward pass:
for Ql S [Ql,center + depth; Ql,center - depth] do
for Q2 S [QZ,center + depth; QZ,center - d@pth] do
Compute possible merges from predecessors (@1 + 1, Q2) and
(Q1,Q2+1)
Fit models with the block membership changes Compare and keep

the best model based on BIC-L
end

end

Update the best model based on the maximum BIC-L

end

Output: Best model with maximum BIC-L in the window

The procedure then repeats for the point at (Q1+1, ()2) until it reaches (Q1 center +
depth, Q2) from which it repeats from (Q1 center — depth, Q2+ 1). This repeats un-
til computing the best model for (Q1 center + depth, Qs center + depth). Note on the
initialization: The forward pass starts from the point (Q1 center + depth, Q2 center +
depth), so this points needs to have at least a model fitted. In the best case, the
greedy exploration will have visited this point. But if the point has not been vis-
ited, a model will be fitted from a spectral initialization (i.e the block memberships
is computed by using a spectral clustering). From this point, the next model will
have at least one predecessor and the procedure can iterate.

Backward pass The backward pass consists for a model at (Q1,Q2) to compute
the possible merges from the block memberships of its “predecessors”. The pre-
decessors are the point at the right (Q; + 1,Q2) and on top (Q1,Q2 + 1) of the
current model (if the predecessors exist). To update the current model, we take
its predecessors block memberships and try to merge two blocks in one. Then the
current model is fitted using this clustering as a starting clustering. Once all the
possible merges are fitted, they are compared, keeping the best, in the sense of the
BIC-L. If a model was already present it is also compared and the best is chosen

Chapter 2
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as the model for this round at (Q1, @Q2).

The procedure then repeats for the point at (Q1 —1, Q)2) until it reaches (Q1 center —
depth, Q)2) from which it repeats from (Q1 center — depth, Q2 —1). This repeats until
computing the best model for (Q1 center — depth, Qs center — depth). Note on the
initialization: The backward pass starts from (Q1 center + depth, Q2 center + depth),
we know it was initialized at least by the forward pass, no special case here.

At the end of the moving window pass, the model of max BIC-L is the new
best fit and the procedure can repeat until convergence.

2.6 Networks clustering

As in Chabert-Liddell et al., 2024 we use a recursive algorithm to determine the
best clustering of the given networks. The procedure being the same, we will
present it briefly and focus on adjustments.

When networks in a collection do not share the same mesoscale connectivity
structure we want to be able to partition them correctly. For this we perform a
clustering of networks.

The process of clustering a collection of networks involves discovering a par-
tition G = (My)g=1,..¢ of {1,...,M}. Given G we set the following model on
X:

Vge{l,...,G}, Yme My, X™ ~ F-BiSBM(Q{,Q5, 7™, p™,af)

And we defined the score of a given partition G:

G

Sc(g) = Z ngllna)é BIC-L((Xm)mEM97 Q?? Qg)
=1 yeoy&Wmax

Thus the score consists of the sum of the BIC-L of the sub-collections for the
partition G.

2.6.1 Dissimilarity between two networks

The parameters for the dissimilarity are defined as follow:

ny* ny' n' gt ~AlLma2m ym
~m 1, m~2m ~mn D it i=1Tiq Tjr Xij
Ngr = Tig Tjr Qgr = nm ’
i=1 j=1 qr
ni” Al,m ngn /\27m
wm D it Tiq P Zj:1 Tjr
) —_— - .
©T T ap ' ng

And the pairwise dissimilarity for networks (m,m’) € M? is then:

Q1 Q2 9
Dy(m,m’) = Z Z max (7", %g‘/) (623; - &Z}f) max(p", pr

qg=1 r=1

’

)
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[Supply a collection to partition]

|

| Fit colBiSBM =
Loop over Compute a dissimilarity ma-
@ and @ trix over the collection

|

Split the collection in 2 sub-
collections and fit the col-| @ @
BiSBM

|

Output [J

2 (BIC-L(@)) > BIC-L(O)?

Figure 2.2: Network clustering procedure

The above figure, 2.2, shows a condensed explanation of the network clustering
algorithm.

The idea is to adjust the colBiSBM model over the full collection of M networks
and then compute the dissimilarity matrix between all networks of the collection.
We obtain the collection G = { M} the trivial partition in a unique group.

Then using the Kmeans we split the collection in two sub-collections with the
dissimilarity matrix. The two sub-collections are fitted and we compute the score
of this new partition G* = {G;, G2 }.

If S¢(G*) > Sc(G) then we repeat the same procedure on Gy and Ga. Else we
return G.

We illustrate our capacity to perform a partition of a collection for all colBiSBM
models in

2.7 Model identifiability

The goal here is to prove that if ¢(X;0) = ((X;0’) for any collection X then
0=20.

Following the proof proposed by Chabert-Liddell et al., 2024, that adapted it to
the collection case and Keribin et al., 2015 that extended the result of Celisse et al.,
2012 to the LBM Bernoulli model, we obtain the following proof of identifiability
for the iid-colBiSBM:

Theorem 1 (Identifiability of iid-colBiSBM). The parameters (7, p, @) are identi-
fiable up to a label switching of the blocks if those conditions are achieved:

(1.1) 3m* € {1,..., M} :ny. > 2Qs — 1 and nZ,. > 2Q; — 1.

(1.2) V1 < q < Q1,7 > 0 and the coordinates of vector pX™ " are distinct (where
X™ 7" s the transpose of xm),

Chapter 2
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(1.8) V1 <1 < Qa, p, > 0 and the coordinates of vector ®X™ are distinct.
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CHAPTER

Simulation studies

The below simulations are meant to test the capacities of our models. We assess the
inference capacities of the algorithm and method, the model selection performances
and the clustering capacities.

Reproducibility All the codes used to obtain data and to perform the analysis

can be found on the report repository at https://gitea.polarolouis.fr/polarolouis/
mia-stage-2024.

3.1 Efficiency of the inference

The goal here is to assess the quality of the inference procedure.

Simulation settings For this simulation the data is simulated with M =2, n" =
120, nf* =120, Q1 = Q2 =4, a, 7™ and p are set as follows:

3€a 264  €q —€4
o= 954 26, 2€, —€, €4 ’
€ —€a €a 264
—€n  €a  2€4 0
wl=0,(02 04 04 0), «*=(025 025 0.25 0.25),
p' = (025 025 0.25 0.25), p>=05(0 033 0.33 0.33),

with €, taking nine equally spaced values ranging from 0 to 0.24. For each value
of €,, 108 datasets (X, Xy) are simulated, resulting in 9 x 108 = 972 datasets.
More precisely, for each dataset, we pick uniformly at random two permutations of
{1,...,4} (01,02) with the constraint that o;(4) # o02(1). This ensures that each
of the two networks have a non-empty block that is empty in the other one. Then
the networks are simulated with Bern-BiSBMja0120(Q1 = 4,Q2 = 4, a, ®™, p™)
with the previous parameters. Each network has 2 blocks in common and their
connectivity structures encompass a mix of core-periphery, assortative community
and dis-assortative community structures, depending on which 3 of the 4 blocks
are selected for each network. ¢, represents the strength of these structures, the
larger, the easier it is to tell apart one block from another. The true model of all
the simulation is a mp-colBiSBM.

Inference We want to measure the quality of the inference procedure, for this we
use the inference described in the section 2.4.

17
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18 Simulation studies

Quality indicators To assess the quality of the inference, we will use the following
indicators:

e First, for each dataset, we put in competition m-colBiSBM with sep-BiSBM,
11d-colBiSBM, p-colBiSBM, mp-colBiSBM respectively. To do so, for each
dataset, we compute the BIC-L of each model m-colBiSBM is preferred to
sep-BiSBM (resp. iid-colBiSBM, p-colBiSBM, 7p-colBiSBM) if its BIC-L
is greater.

e When considering our colBiSBM models we compare @:, @ to their true
values. (Q1 =4 and Q3 = 4)

e Finally, we assess the quality of the node grouping by computing the Ad-
justed Rand Index (Hubert & Arabie, 1985), ARI = 0 for a random grouping,
ARI = 1 for a perfect match between groupings!. For each network, for the
m-colBiSBM, p-colBiSBM, mp-colBiSBM we compare the inferred block mem-
berships to the real ones by computing the mean of the ARI per axis over
the two networks

ARI, = - (ARI(Z), Z}) + ARI(Z2, Z2)),

N | —

where d is the dimension or axis (i.e., rows, d = 1, or columns, d = 2) of the
block memberships. And we compute the ARI of the whole set of nodes to
account for block pairing between networks

ARI, = ARI((Z], 22), (Z), Z2)).

All these quality indicators are averaged over the 108 datasets. The results are
provided in the tables A.2 to A.5. Each line corresponds to the 108 datasets for a
given value of €,. Graphical representation of some results are shown on figures 3.1
and 3.2.

!Please note that even if Rand Index can only yield values between 0 and 1, ARI can return
negative values if the RI is less than the expected value. This indicates a structure in grouping
discordance.
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Results For the model comparison, when ¢, is small (¢, € [0,.03]), the simulation
model is close to an Erdés-Renyi network (Erdds & Rényi, 1959), and it is very
hard to find any structure beyond the one of a single block on each dimension.

On the figure 3.1 one can see that from e, = 0.06 around 75% of the time the
mp-colBiSBM model (i.e., the correct one) is selected.

The figure 3.2 shows that for ¢, > 0.09, all the models, even the sep, have a
ARI around 0.94. This indicates that the models are able to assign correct nodes
group memberships and thus that the inference works correctly.

An interesting result we can read in the tables is that our models outperform
the sep-BiSBM when considering the ARI on the whole set of nodes (ARI,;). This
means that our models are able to recover the block pairing between the networks
in addition to recovering the blocks and their parameters.

3.2 Capacity to distinguish 7p-colBiSBM from
12d-colBiSBM and other models

The idea of this model selection simulations is to assess how the model select the
correct colBiSBM model among the possible ones: #id, 7, p, mp. This difference
being based on the row and col block proportions.

Simulation settings For this task we choose the same simulation settings as
Chabert-Liddell et al., 2024.
Namely, ni* = 90,75 = 90,1 = Q2 = 3, o, ™ and p are set as follows:

3ea 264 €4 1 1 1 2 1 1
a= 24 (20 200 |, T 7@ w2 ™ol G
€a —€a €a Pr=(3 3 3, PP=0(3-6 35 3t6)

with €, = 0.16, €, and €, taking 9 values equally spaced in [0, .28].
We simulate 324 different collections for each value of €, and ¢,.

mp-colBiSBM, 7-colBiSBM, p-colBiSBM, iid-colBiSBM and sep-BiSBM are
put in competition and the model with the greater BIC-L is selected as the preferred
model.

When e, = 0, 7' = @2, ¢, = 0 and p' = p?, the generated collection is an
iid-colBiSBM. When €, > 0 or 7! # 72, the model is a m-colBiSBM. When €, > 0
or p! # p?, the model is a p-colBiSBM. Finally, when ¢, > 0 or w! # w2 and
€, > 0 or p' # p?, the model is a 7p-colBiSBM.

] I

Results On the figure 3.3 and table A.6, one can see that there is a turning point
around €, = 0.2 (resp. €, = 0.2), before which iid-colBiSBM and p-colBiSBM
(resp. m-colBiSBM) are selected very often and after 0.2 the m-colBiSBM (resp. p-
colBiSBM) and mp-colBiSBM gets more and more selected. Moreover, the number
of blocks are correctly detected in most of the case. These two results highlight
our capacity to recover the simulated structure.
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Figure 3.3: Plot of model selection proportions over the different datasets in func-
tion of e, and ¢,

As €, and €, need to be above 0.2 to see mp model being preferred this may
indicate the need of a strong difference between blocks to select this model.

3.3 Information transfer between networks

One of the motivation for collections of networks is information transfer between
the networks, allowing robustness to missing data and enabling the finding of finer
structures in small networks with the help of bigger ones.

Simulation settings We want to compare the performance of retrieving the nodes
blocks with missing edges (that are labeled as NA in the incidence matrix).

For this purpose we generate collections of networks with the following param-
eters:

a'(p) for p and mp,

(7 =(05,03,0.2) for iid  [p=1(05,0.3,02) for iid
TT = s =
ol'() for = and mp
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for the block proportions, and two different structures with the corresponding a,

0.9 0.05 0.05 0.9 065 0.1
am™dar — 1005 0.2 0.05]|,a™ =035 0.15 0.05],
0.05 0.05 0.8 0.1 0.05 0.05

where a™°?e" represents networks where there are look-a-like communities,

which tends to interact preferentially within the community and less with the other
communities. And a™****? represents a common structure detected in ecology with
generalist and specialist species and a “nested” structure.

The collections contain two networks (M = 2) of size n{"=! = nJ=! = 20 and
n=% = n=2 = 120. One collection is generated for each colBiSBM model. And
the nodes block memberships (i.e., the row and column blocks they belong to) are
saved.

Per colBiSBM model, 10 collections are generated and their results are aver-
aged.

In the network m = 1 (i.e., the smaller one) a proportion of the edges py, see
their values replaced by NAs, the “forgotten” values are stored.

Test procedure A LBM is fitted on the first network, and the predicted block
memberships are saved, along with the predicted links using the inferred param-
eters. This will serve as a baseline to see if the use of the collection benefits the
predictions.

A colBiSBM model is then fitted (with a model matching the dataset consid-
ered) and we store the same predictions.

Quality metrics To benchmark the performance we use the Area Under the Curve
(AUC) for predicted versus real link values and the ARI for predicted versus real
block memberships.
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Results Figures 3.5 and 3.4 show a box plots named “sep-model” that corresponds
to the results given by a LBM fitted on data generated with the corresponding
model. We will compare the results for one model box plot to the corresponding
sep-model box plot, serving as a baseline.

For the figure 3.4, our models almost always do at least as good as the sep
counterpart. The 72d model is the only one for which the sep performs better on
the columns block memberships. The nested structure seems to complexify the
block membership attribution with only ARI less than 0.75

For the figure 3.5, in almost all cases and for almost all models the differences
are not significant but our models seems to perform marginally better and are
only a few times under their LBM counterpart. This indicates that information is
transferred from the bigger network when estimating the parameters and predicting
link values.

On the differences between nested and modular structures, the latter shows a
smaller variance in the AUC with our models predictions contained between 0.7
and 0.9. Whereas for the nested structure, iid and m models are in quite similar
value ranges with small variances but p and 7p present smaller values and larger
variances.

An explanation for the cases in which our models return lower values than
expected could be to look for in our simulation parameters. They may, combined
with the p model be a difficult case for the estimation. As we currently do not
have identifiability results this is just an hypothesis.
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3.4 Network clustering of simulated networks

Simulation settings For all models we simulate M = 9 networks with Vm €
{1...M},n =ni =75 with Q1 = Q3 = 3.

For the simulations the proportions are the following:

7l =(0.2,0.3,0.5), p' =(0.2,0.3,0.5) and for all m =2,...,9

m ! for vid m pl for 2id
" = : =
o™(wl) for m and wp o' (pt) for p and 7p

where 7" and o}* are permutations of {1, 2, 3} proper to network m and oy (7) =

(Wol(i)>i:{1,...,3} and o3 (p) = (poz(i))i:{l,...,:a}'
The networks are divided into 3 sub-collections of 3 networks with connectivity
parameters as follows:

3

2
a? =34+ | ¢
€
2

)

NN DM

€
dis — 3 4 € — €

()

|

Q
Ol ™M

M
)
)

£ £
2 2

with € € [.1,.4]. a® represents a classical assortative community structure, while
a is a layered core-periphery structure with block 2 acting as a semi-core. Finally,
a®® is a dis-assortative community structure with stronger connections between
blocks than within blocks. If € = 0, the three matrices are equal and the 9 networks
have the same connection structure. Increasing e differentiates the 3 sub-collections
of networks.

Results The evaluation of our method involves a comparison between the re-
sulting partition of the network collection and the simulated partition using the
ARI index. As the value of € increases, our ability to distinguish between the
networks improves, and this distinction becomes nearly perfect in all setups of the
colBiSBM.
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CHAPTER

Applications on ecological networks

4.1 Clustering of Baldock et al., 2019, 2011

Baldock et al., 2019 study the diversity, robustness and impact of the type of
environment on the ecological aspect of plant-pollinator networks in four major
english cities. The networks are presented in figures 4.1a to 4.1d

Baldock et al.; 2011 aim to study the daily temporal structure in a savanna
pollination network. The data was collected in 2004 and in two sites, Turkana
Boma (TB) and Junction (JN) in Kenya. We will not look for a temporal structure
but only use the full networks merged in one due to their small sizes. The network
obtained is presented in figure 4.2.

Note: those networks were extracted from a bigger dataset from Doré et al.,
2021. The full dataset was also clusterized but issues arose that are discussed in
sub-section 5.1.1.

i C——— ° =
= NIRRT, 77 P e
Node type © Insect © Plant Node type © Insect © Plant

(a) Bristol

N
0

Node type ® Insect © Plant Node type ® Insect © Plant

(c) Leeds (d) Reading

Figure 4.1: English networks from Baldock et al., 2019

°® ® 660 A P OOEERDS® 009 99 cwemn
| |

) )
[ g

Node type ® Insect © Plant

Figure 4.2: African network from Baldock et al., 2011

We applied our clustering method on those 6 networks, using the four models.
Interesting results arose from iid and mp models, which are presented below in
figures 4.4 and 4.5.
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Results The main thing one can see when comparing the two clusterings is that
while #d do not find a common structure, mp manage to find one.

When comparing figures 4.3a and 4.4a and confirming with the figures B.1, B.2
in appendix we can deduce the following differences between the two models.

The TB+JN network doesn’t have the 3" column block and the first and
second column blocks coincides with the English networks. But interestingly, the
3' column block is the larger one in the English networks.

For the row blocks, where with the iid model only two groups where detected
in the African network, it is refined with the 7p detecting 4 blocks in its row nodes.
The African network does not have the first row block, a few row nodes in row
blocks 2 and 3, more in the 4*® block and the majority in the 5. This contrasts,
once again, with the English networks that have the majority of their row nodes
in the 4*® block.

Two interesting points can be made with those results, firstly the 7p collection
model allowed the detection of a finer structure in the African network regarding
the row block memberships. And secondly, whereas the English networks are
really similar, the African network while presenting the same blocks fills them
differently. Those observations invite us to look at the species that are in those
different groups.
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Conclusions and future work

5.1 Conclusion

5.1.1 Difficulties encountered

Seed dependance While using our clustering on data from Doré et al., 2021
we obtained quite interesting results but investigating further, we noticed that the
clustering on such big collections (M = 123) was not fully reproducible. It depends
a lot on the random generator seed and as there is no possibility to merge back
collections! the clustering dendrograms do not stabilize on large collections. This,
currently, prevents us to clusterize large collections.

Large penalties with free mixture models We observed while testing clustering
with the different models that the m, p and 7mp model, with their increased num-
ber of parameters for block memberships parameters tends to give smaller BIC-L
criterion values while having a higher Evidence Lower Bound than the iid. This
arises because of the penalties on the block memberships and supports that in-
crease significantly and exceeds the gain on the ELBO and the diminution of the
connectivity parameters.

5.2 Future work

Fixing seed dependance We are currently investigating the procedure and code
to see if reducing or escaping seed dependance is possible.

Identifiability As stated in section 2.7, we only have identifiability for the iid-
colBiSBM and we will work on establishing identifiability for 7, p and 7mp models
which are the most challenging with regard to identifiability.

Finding a trade-off between iid and 7p An idea to tackle the problem of large
penalties with 7, p and mp could be to suppose that the block memberships for
network m are themselves the realizations of random variables and thus introduce
sort of a mixed effect model. This may allow a self-penalization that could keep
the flexibility intended in these models.

IThis is due to the need of having same sized o to be able to compute the distance. Meaning
that the networks must have been fitted together in the same collection.
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30 Conclusions and future work

Comparison to other graphs clustering methods Recent work have been com-
paring colSBM (Chabert-Liddell et al., 2024) and graphclust (Rebafka, 2023)
assessing various capabilities of the models and particularly focusing on networks
clustering. We will reproduce and adapt the analysis to test other simulation
settings that were not considered in this work.

Thank you for reading this work
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APPENDIX

Supplementary for Simulation studies

Below are the supplementary material for the Simulation studies.

A.1 Supplementary for Efficiency of the inference

The tables A.2 to A.5 show detailed results for the inference of the model detailed
in this section.

Table A.1: Inference results for sep

(a) Quality metrics for sep-BiSBM

€n ARL ARI, ARL ARI,

0.00 0 0 0 0

0.03 0.01 0.02 0.01 0.01

0.06 0.68 £0.02 0.67 +0.02 0.36 + 0.02 0.34 + 0.01
0.09 0.97 0.97 0.53 £ 0.02 0.53 + 0.02
0.12 0.99 0.99 0.54 £ 0.02 0.55 + 0.02
0.15 1 1 0.58 + 0.02 0.53 + 0.02
0.18 1 1 0.52 + 0.02 0.55 + 0.02
0.21 1 1 0.56 + 0.02 0.52 + 0.02
0.24 1 1 0.57 £ 0.02 0.57 + 0.02




A-2 Supplementary for Simulation studies

Table A.2: Inference results for 7id

(a) Quality metrics for iid-colBiSBM

€a ARIL ARI, ARIL ARI,

0.00 0 0 0 0

0.03 0.01 0.01 0.01 0.01

0.06 0.68 &= 0.01 0.68 = 0.01 0.57 = 0.02 0.56 = 0.02

0.09 0.96 0.95 0.87 £0.02 0.86 £ 0.02

0.12 0.99 0.99 09+0.02 09=£0.02

0.15 0.99 0.99 0.92 £0.02 0.92 £ 0.02

0.18 1 1 0.93 £ 0.02 0.92 £ 0.02

021 1 1 0.91 £0.02 0.91 £ 0.02

024 1 1 0.95 £ 0.01 0.95 £ 0.02

(b) Bloc recovery for iid-colBiSBM
@ 15 1Gi-a: 1520, e lge  lae

0.00 1 0 0 1 0 0
0.03 1 0 0 1 0 0
0.06 0.31+0.04 0.69=£004 0 0.45 £ 0.06 0.55+£0.05 0
0.09 0 0.96 £0.02 0.04+0.02 O 0.98 £0.01 0.02 £ 0.01
012 0 0.88 £0.03 0.12+0.03 O 0.94 £ 0.02 0.06 + 0.02
0.15 0 0.94 £0.02 0.06 £0.02 0 0.91 £ 0.03 0.09 £ 0.03
018 0 0.92 £0.03 0.08 +£0.03 O 0.94 £ 0.02 0.06 + 0.02
021 0 0.88 £0.03 0.12+0.03 O 0.88 £ 0.03 0.12 £ 0.03
024 0 0.94 &£ 0.02 0.06 £ 0.02 0 0.97 £ 0.02 0.03 £ 0.02




A.1. Supplementary for Efficiency of the inference A-3
Table A.3: Inference results for 7
(a) Quality metrics for m-colBiSBM
ca  ARI ARL ARI, ARI,

0.00 0 0 0 0

0.03 0.01 0.01 0.01 0.01

0.06 0.74 +0.01 0.71 +£0.01 0.63 £ 0.02 0.58 £ 0.02

0.09 0.97 0.94 0.86 + 0.02 0.83 £ 0.02

012 1 0.98 0.9 +0.02 0.87 £+ 0.02

0.15 1 0.99 0.91 £ 0.02 0.88 £ 0.02

0.18 1 0.98 0.9 +£0.02 0.87 £ 0.02

0.21 1 0.99 0.91 +£0.02 0.88 £+ 0.02

024 1 0.99 0.95 + 0.01 0.92 £+ 0.02

(b) Bloc recovery for m-colBiSBM
‘a 1gq, 15— Q1>Q1 Q2<Q2 15— Q2>Qs

0.00 1 0 0 1 0 0
0.03 1 0 0 1 0 0
0.06 0.09 £0.03 0.64 +0.05 0.27 £0.04 0.36 = 0.05 0.64 £0.05 0
0.09 0 0.63 £0.05 0.37+0.06 O 1 0
0.12 0 0.76 £ 0.04 024 4+0.04 0 1 0
0.15 0 0.84+004 02+004 O 1 0
0.18 0 0.77 £0.04 0.23+£0.04 O 1 0
0.21 0 0.81 £0.04 0.194+0.04 O 1 0
024 0 0.87 +£0.03 0.134+0.03 0 1 0




A-4

Supplementary for Simulation studies

Table A.4: Inference results for p

(a) Quality metrics for p-colBiSBM

€a ARIL AR, ARIL ARI,

0.00 0O 0 0 0

0.03 0.01 0.01 0.01 0.01

0.06 0.71 £0.01 0.73 £0.01 0.58 £ 0.02 0.6 £ 0.02

0.09 0.93 0.97 0.77 £ 0.03 0.81 £ 0.02

0.12 0.97 0.99 0.83 £ 0.03 0.87 £ 0.02

0.15 0.97 1 0.82 + 0.03 0.87 £ 0.02

0.18 0.98 1 0.86 + 0.02 0.89 &£ 0.02

0.21 0.97 1 0.82 + 0.03 0.87 £ 0.02

0.24 0.98 1 0.86 &+ 0.03 0.9 &+ 0.02

(b) Bloc recovery for p-colBiSBM
@ 15 15-a, G1>Q1 ~Qa<Qe 15-a, @2>Qs

0.00 1 0 0 1 0 0
0.03 1 0 0 1 0 0
0.06 0.29+0.04 0.71£0.04 0 0.06 + 0.02 0.63 £ 0.05 0.31 £ 0.04
0.09 0 1 0 0 0.56 & 0.05 0.44 £ 0.05
0.12 0 1 0 0 0.67 = 0.05 0.33 £ 0.05
0.15 0 1 0 0 0.7£0.04 0.3 =£0.04
0.18 0 1 0 0 0.71 £ 0.04 0.29 £ 0.04
021 0 1 0 0 0.69 +0.04 0.31 £ 0.04
024 0 1 0 0 0.76 £ 0.04 0.24 £ 0.04




A.2. Supplementary for Capacity to distinguish models A-5
Table A.5: Inference results for mp
(a) Quality metrics for 7p-colBiSBM
€a ARIL ARI, ARL ARI,

0.00 0 0 0 0

0.03 0.01 0.01 0.01 0.01

0.06 0.75+0.01 0.73 £ 0.01 0.67 & 0.02 0.65 + 0.02

0.09 0.97 0.97 0.9+0.02 0.9+0.02

012 1 0.99 0.92 &£ 0.02 0.92 £ 0.02

0.15 1 1 0.92 +£0.02 0.92 + 0.02

0.18 1 1 0.95 £ 0.01 0.95 + 0.01

021 1 1 0.94 £ 0.02 0.93 £ 0.02

024 1 1 0.91 £ 0.02 0.91 £ 0.02

(b) Bloc recovery for mp-colBiSBM
@ 15  1g-a 150, 150 150, 1550,

0.00 1 0 0 1 0 0
0.03 1 0 0 1 0 0
0.06 0.1 £0.03 0.88 4+ 0.03 0.02+0.01 0.11 +0.03 0.89 £ 0.03 0
0.09 0 092 £0.03 0.08+0.03 0 0.88 +£ 0.03 0.12 4+ 0.03
0.12 0 09+003 01+£003 0 0.89 + 0.03 0.11 + 0.03
0.15 0 0.87 £ 0.03 0.13+0.03 0 0.9+ 0.03 0.1+0.03
0.18 0 0.94 +£0.02 0.06 +0.02 0 0.93 + 0.03 0.07 £+ 0.03
021 0 0.93 £0.03 0.07+0.03 0 0.88 + 0.03 0.12 4+ 0.03
024 0 0.87 £0.03 0.13+0.03 0 0.86 + 0.03 0.14 4+ 0.03

A.2 Supplementary for Capacity to distinguish models

The table A.6 present the results discussed in section 3.2 For the block number
recovery part, the minimum values are in bold as they indicate conditions for

which all the different models did not recovered the correct structure.

For the model proportion part of the table, the mazimum values are in bold
and highlight the model that was selected the most among the conditions.

Please note that blank space indicates that among all conditions the corre-
sponding model was not selected at all.



Table A.6: Filtered block recovery and model selection proportions

Block number recovery Model selection proportions
1d s p TP
€x € 15 1 e laws o 6 6.5 16, - \n‘d s p ™
0.000 1 1 1 1 1 1 1 1 1
0.035 1 1 1 1 1 1 1 1 |1
0.070 1 1 1 1 1 1 1 1 | 0.981 0.019
0.105 1 1 1 1 1 1 1 1 | 0.944 0.056
0.000 0.140 1 1 1 1 1 1 1 1 | 0.833 0.157 0.009
0.175 1 1 1 1 1 1 1 1 | 0.556 0.444
0.210 1 1 1 1 1 1 1 1 | 0.361 0.639
0.245 1 1 1 1 1 1 1 1 | 0.102 0.898
0.280 1 0.991 1 1 1 1 1 1 | 0.009 0.991
0.000 1 1 1 1 1 1 1 1 |1
0.035 1 1 1 1 1 1 1 1 | 0.991 0.009
0.070 1 1 1 1 1 1 1 1 | 0.991  0.009
0.105 1 1 1 1 1 1 1 1 | 0.917 0.083
0.140 1 1 1 1 1 1 1 1 | 0.843 0.157
0.175 1 1 1 1 1 1 1 1 | 0.657 0.333  0.009
0.210 1 1 1 1 1 1 1 1 | 0.315 0.685




Table A.6: Filtered block recovery and model selection proportions (continued)

Block number recovery

Model selection proportions

0.035
nd s p T

& & 1z g, oo e o 5 1o, lg,|id o« P T
0.245 1 1 1 1 1 1 1 1 | 0.176  0.824
0.280 1 1 1 1 1 1 1 1 | 0.028 0.972
0.000 1 1 1 1 1 1 1 1 | 0.972 0.028
0.035 1 1 1 1 1 1 1 1 | 0.963 0.009 0.028
0.070 1 1 1 1 1 1 1 1 0,917 0.065 0.019
0.105 1 1 1 1 1 1 1 1 | 0.917 0.065 0.019

0.070 0.140 1 1 1 1 1 1 1 1 | 0.824 0.157 0.009 0.009
0.175 1 1 1 1 1 1 1 1 | 0.565 0.426 0.009
0.210 1 1 1 1 1 1 1 1 0343 0.639 0.009 0.009
0.245 1 1 1 1 1 1 0.991 1 | 0.139 0.843 0.019
0.280 1 1 1 1 0.991 1 1 1 | 0.963 0.037
0.000 1 1 1 1 1 1 1 1 | 0.963 0.037
0.035 1 1 1 1 1 1 1 1 | 0.898 0.019 0.083
0.070 1 1 1 1 1 1 1 1 | 0.926 0.009 0.065
0.105 1 1 1 1 1 1 1 1 | 0.935 0.056 0.009
0.140 1 1 1 1 1 1 1 1 | 0.778 0.157 0.065




Table A.6: Filtered block recovery and model selection proportions (continued)

Block number recovery

Model selection proportions

vid ™ p T

05 @ Lo 1@ o e las las las g, |dd o« p T
0.175 1 1 1 1 1 1 1 1 | 0.657 0.296 0.028 0.019
0210 1 1 1 1 1 1 1 1 | 0.324 0.611 0.037 0.028
0245 0.991 1 1 1 1 1 1 1 | 0.185 0.750 0.009 0.056
0.280 1 1 1 1 1 1 1 1 | 0.046 0.917 0.037
0.000 1 1 1 1 1 1 1 1 | 0.815 0.185
0.035 1 1 1 1 1 1 1 1 | 0.741  0.009 0.250
0.070 1 1 1 1 1 1 1 1 | 0.861 0.139
0.105 1 1 1 1 1 1 1 1 | 0.759 0.056 0.185

0.140 0.140 1 1 1 1 1 1 1 1 | 0.667 0.157 0.157 0.019
0175 1 1 1 1 1 1 1 1 | 0.583 0.269 0.046 0.102
0210 1 1 1 1 1 1 1 1 | 0.278 0.546 0.065 0.111
0.245 1 1 1 1 1 1 1 1 | 0.111  0.704 0.037 0.148
0.280 1 0.991 1 1 0.991 1 1 1 | 0.028 0.852 0.009 0.111
0.000 1 1 1 1 1 1 1 1 | 0.630 0.370
0.035 1 1 1 1 1 1 1 1 | 0.694 0.306
0.070 1 1 1 1 1 1 1 1 | 0.528 0.009 0.444 0.019




Table A.6: Filtered block recovery and model selection proportions (continued)

Block number recovery

Model selection proportions

nd s p T

& & 1z g, oo e o 5 1o, lg,|id o« P T
0.105 1 1 1 1 1 1 1 1 | 0.574 0.028 0.389 0.009

0.175 0.140 1 0.991 1 1 1 1 1 1 | 0.556 0.130 0.250 0.065
0.175 1 1 1 1 1 1 0.991 1 | 0.417 0.167 0.231 0.185
0210 1 1 1 1 1 1 1 1 | 0.250 0.380 0.157 0.213
0.245 1 1 1 1 0.991 1 1 1 | 0.102 0.463 0.019 0.417
0.280 1 1 1 1 1 1 1 1 | 0.694 0.009 0.296
0.000 1 1 1 1 1 1 1 1 | 0.361 0.639
0.035 1 1 1 1 1 1 1 1 | 0.343 0.657
0.070 1 1 1 1 1 1 1 1 0370 0.009 0.611 0.009
0.105 0.991  0.991 1 1 1 1 1 1 | 0.287 0.009 0.648 0.056

0.210 0.140 1 1 1 1 1 1 1 1 | 0.361 0.083 0.481 0.074
0.175 0.991 1 1 1 1 1 1 1 | 0278 0.167 0.361 0.194
0210 1 1 1 1 1 1 1 1 | 0.157 0.231 0.176 0.435
0.245 1 1 1 1 1 1 1 1 | 0.028 0380 0.093 0.500
0.280 1 0.991 1 0.991 1 1 1 1 | 0.333 0.037 0.630
0.000 1 1 1 1 1 1 1 1  0.148 0.852




Table A.6: Filtered block recovery and model selection proportions (continued)

Block number recovery

Model selection proportions

1d s p TP
& 6 150 1o, g laws a5 a5 a5 g, |id o« p mp
0.035 0.991 1 1 1 1 1 1 1 | 0.194 0.796 0.009
0.070 1 1 1 1 1 1 1 1 | 0.176 0.824
0.105 1 1 1 1 1 1 1 1 | 0.139  0.009 0.778 0.074
0.245 0.140 1 1 1 1 1 1 1 1 | 0.120 0.037 0.657 0.185
0175 1 1 1 1 0.991 1 1 1 | 0139 0.093 0.509 0.259
0210 0.991 1 1 1 1 1 1 1 | 0.028 0.093 0.370 0.509
0.245 1 1 1 1 1 1 1 1 | 0.009 0.102 0.102 0.787
0280 0.991 1 1 1 0.991 1 1 1 | 0.009 0.148 0.019 0.824
0.000 0.991 1 1 1 1 1 0.991 1 | 0.009 0.991
0.035 0.981 1 1 1 1 1 1 1 | 0.981 0.019
0.070 0.991 1 1 1 1 1 1 1 | 0.037 0.954 0.009
0.105 0.991  0.991 1 0.991 1 1 1 0.991 | 0.028 0.009 0.889 0.074
0.140 0.991 1 1 1 1 1 0.991 1 | 0.019 0.889 0.093
0175 0.991 1 1 1 1 1 1 1 | 0.602 0.398
0210 0.981 1 1 1 1 1 0.972 1 | 0.009 0.324  0.667
0.245 1 1 1 1 1 1 0.991 1 | 0.009 0.009 0.194 0.787




Table A.6: Filtered block recovery and model selection proportions (continued)
0.280

Block number recovery Model selection proportions

nd s p T

162\1iid=3 16/2\2iid:3 152\17T=3 16/2\27T=3 1@\1,3:3 1@p=3 162\1”:3

€x €p 1@ 3 ‘ nd 7 p T

T

0.280 1 0.991 1 1 1 1 0.991 1 ‘ 0.019 0.046 0.935




APPENDIX
Supplementary for Applications on
ecological networks

B.1 Additional information on Clustering of Baldock
et al., 2019, 2011

Due to report size limitations we included these plots here as they are not crucial
to understand what is going on in the section 4.1. Yet they are useful to confirm
the explanation given.
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B.1.

Additional information on Clustering of Baldock et al., 2019, 2011
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Figure B.1: Structure and mixture proportions for iid clustering
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