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Why a network?

Figure 1: A toy network
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Why a network?

Node type Insect Plant

Figure 1: Plant-pollinator
network from Bristol
Baldock et al., 2019
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Figure 2: Adjacency
matrix of the network

Increasingly available

Ecosystems described by
their interactions

Functional structure for:
biodiversity monitoring,
robustness, risk of
collapse
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Analysis methods for a network

Several methods :

Metrics at
▶ node level: degree, centrality. . .
▶ network level: density, nestedness. . .

Kolaczyk, 2009

Node embedding and/or clustering with latent variable models
Snijders and Nowicki, 1997; Hoff et al., 2002

Node or network embedding with Graph Convolutional Networks
Kipf and Welling, 2016
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Bipartite Stochastic Block Model (BiSBM1)
Govaert and Nadif, 2005

π•
R11 R12 R13

π•
R21 R22

π•
R31

ρ•
C11 C12

ρ•
C21 C22

ρ•
C31

α••α••α••α•• α••α•• α••α•• α••α••

Figure 3: Example of BiSBM

Hierarchical model

∀q ∈ [[1,Q1]],P(Zi = q) = πq

∀r ∈ [[1,Q2]],P(Wj = r) = ρr

Yij |Zi = q,Wj = r ∼ Bern(αq,r )

where
|π| = Q1, |ρ| = Q2, |α| = Q1 × Q2

Concise BiSBM formula

Y ∼ Bern-BiSBMn1,n2(Q1,Q2, π, ρ, α)

1Commonly Known as Latent Block Model (LBM) in the literature.
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How to compare multiple networks?
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Figure 4: Adjacency matrices, Baldock et al., 2019
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First approach: sep-BiSBM

∀m ∈ {1 . . .M},Ym ind∼ Bern-BiSBMnm1 ,nm2
(Q1

m,Q2
m, πm, ρm, αm)
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First approach: sep-BiSBM
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(d) Reading, Q1 = 3,Q2 = 3

Figure 5: Separate BiSBM fit for each network
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Our contribution: joint models

iid-colBiSBM

∀m ∈ {1 . . .M},Ym iid∼ Bern-BiSBMnm1 ,nm2
(Q1,Q2, π, ρ, α)

with θ = (π, ρ, α).

πρ-colBiSBM

∀m ∈ {1 . . .M},Ym ind∼ Bern-BiSBMnm1 ,nm2
(Q1,Q2, π

m, ρm, α)

with θ = ((πm)m=1,...,M , (ρm)m=1,...,M , α).

No shared nodes across networks

Agnostic of structure
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Parameter estimation
How ?

ℓ(Y; θ) =
M∑

m=1

ℓ(Ym; θ)

=
M∑

m=1

log
∑

Zm∈Zm,Wm∈Wm

exp{ℓc(Ym,Zm,Wm; θ)}

=
M∑

m=1

log
∑

Zm∈Zm,Wm∈Wm

exp{ℓ(Ym|Zm,Wm;α)+

ℓ(Zm;π) + ℓ(Wm; ρ)}

EM impracticable since Z,W|Y intractable due to conditional dependency.
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Parameter estimation
Solution

Variational EM Daudin et al., 2008; Chabert-Liddell et al., 2024.

Variational approximation of Z,W|Y
RYm,τ (Z

m,Wm) = R1
Ym,τ (Z

m)×R2
Ym,τ (W

m) ⇒ independence between
rows and columns, mean field approximation.

ℓ(Y; θ) ≥
M∑

m=1

(
ERYm,τ (Zm,Wm) [ℓc(Y

m,Zm,Wm; θ)]+

H(RYm,τ (Z
m,Wm))

)
=: J (RY,τ ; θ)

where θ = (π, ρ, α) for iid-colBiSBM
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Selection criterion for Q1,Q2

Integrated Classification Likelihood (ICL) Biernacki et al., 2000

ICL(Y,Q1,Q2) = EZ,W|Y[ℓc(Y,Z,W; θ̂)]− 1

2
pen(Q1,Q2)

= ℓ(Y; θ̂)−H(p(Z,W|Y; θ̂))− 1

2
pen(Q1,Q2)

For SBM Daudin et al., 2008.

BIC-L(Y,Q1,Q2) = ERY,τ̂
[ℓc(Y,Z,W; θ̂var)] +H(RY,τ̂ )−

1

2
pen(Q1,Q2)

= J (RY,τ̂ , θ̂
var)− 1

2
pen(Q1,Q2)
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Results Baldock et al., 2019
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Figure 6: Shared structure (α matrix) and proportions (π and ρ) of the four networks

L. Lacoste Bipartite networks collection 15 Juillet 2025 10 / 13



Model Context Bipartite collection models Inference and model selection Application Conclusion

Results Baldock et al., 2019

Plants

P
ol

lin
at

or
s

(a) Bristol

Plants

P
ol

lin
at

or
s

(b) Edinburgh

Plants

P
ol

lin
at

or
s

(c) Leeds

Plants
P

ol
lin

at
or

s
(d) Reading

Figure 6: iid-colBiSBM fit, Q1 = 3,Q2 = 5
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Focus on Leeds
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Bombus

(a) Bombus Hortorum or garden
bumblebee

(b) Bombus Lapidarius or red-tailed
bumblebee
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Conclusion and perspectives

Summary

Joint and agnostic structure detection.

Partitioning algorithm for collections.

R package colSBM § GrossSBM/colSBM.

An article under review.

Future work: phylogenetic tree and Latent Position Model

i = 0

i = 1

i = 3 i = 4 i = 5

i = 2

i = 6 i = 7l = 2

l = 1

l = 0

γ0,0γ1,1 γ1,2

γ2,3

γ2,4

γ2,5 γ2,6

γ2,7

Pu et al., 2025; Wilms and Bien, 2022
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Clustering algorithm
Provide a collection to partition

Fit colBiSBM

Compute a dissimilarity matrix of
the collection

Split the collection into 2 sub-
collections and fit colBiSBMs

1 2

∑2
i=1(BIC-L( i )) > BIC-L( )? Return

Repeat on 1

and 2

Yes No

DM(m,m′) =

Q1∑
q=1

Q2∑
r=1

max(π̃m
q , π̃

m′
q )

(
α̃m
qr − α̃m′

qr

)2
max(ρ̃mr , ρ̃

m′
r )
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Developed formula of variational EM

ℓ(Y; θ) ≥
M∑

m=1

( nm1∑
i=1

nm2∑
j=1

∑
q∈Q1,m

∑
r∈Q2,m

τ1,mi ,q τ2,mj ,r log f (Ym
ij ;αqr )

+

nm1∑
i=1

∑
q∈Q1,m

τ1,mi ,q log πq
m +

nm2∑
j=1

∑
r∈Q2,m

τ2,mj ,r log ρr
m

−
n1∑
i=1

τ1,mi ,q log τ1,mi ,q −
n2∑
j=1

τ2,mj ,r log τ2,mj ,r

)
=: J (τ ; θ),

Variational approximation

τ1,miq = R1
Ym,τ (Z

m
iq = 1) and τ2,mjr = R2

Ym,τ (W
m
jr = 1)
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Variational Expectation Step

τ̂ (t+1) = argmax
τ

J (τ, θ̂(t)) ⇔ argmin
τ∈T

KL[RY,τ ,P(.|Y)]

τ̂1,miq ∝ π̂
m(t)
q

∏nm2
j=1

∏
r∈Qm

2
f (Ym

ij ; α̂
(t)
qr )

τ̂
2,m(t+1)
jr ∀i = 1, . . . , nm1 , q ∈ Qm

1

τ̂2,mjr ∝ ρ̂
m(t)
r

∏nm1
i=1

∏
q∈Qm

1
f (Ym

ij ; α̂
(t)
qr )

τ̂
1,m(t+1)
iq ∀j = 1, . . . , nm2 , r ∈ Qm

2

2Initialization of τ̂ with a spectral clustering on the networks.
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Maximization Step

θ̂(t+1) = argmax
θ

J (τ̂ (t+1), θ)

Connectivity parameters

α̂qr =

∑M
m=1

∑nm1
i=1

∑nm2
j=1 τ

1,m
iq τ2,mjr Ym

ij∑M
m=1

∑nm1
i=1

∑nm2
j=1 τ

1,m
iq τ2,mjr

Proportions for iid

π̂q =

∑M
m=1

∑nm1
i=1 τ

1,m
iq∑M

m=1 n
m
1

ρ̂r =

∑M
m=1

∑nm2
j=1 τ

2,m
jr∑M

m=1 n
m
2
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Maximization Step

θ̂(t+1) = argmax
θ

J (τ̂ (t+1), θ)

Connectivity parameters

α̂qr =

∑M
m=1

∑nm1
i=1

∑nm2
j=1 τ

1,m
iq τ2,mjr Ym

ij∑M
m=1

∑nm1
i=1

∑nm2
j=1 τ

1,m
iq τ2,mjr

Proportions for πρ

π̂m
q =

∑nm1
i=1 τ

1,m
iq

nm1
ρ̂mr =

∑nm2
j=1 τ

2,m
jr

nm2

L. Lacoste Bipartite networks collection 15 Juillet 2025 4 / 10



Clustering VEM Model selection Simulations Data Appendices references

Why does VE minimizes KL ?

ℓc(Y,Z,W; θ) = logP(Z,W|Y; θ) + ℓ(Y; θ)

⇔ ℓ(Y; θ) = ℓc(Y,Z,W; θ)− logP(Z,W|Y; θ)

⇔ ERY,τ
[ℓ(Y; θ)] = ERY,τ

[ℓc(Y,Z,W; θ)]− ERY,τ
[logP(Z,W|Y; θ)]

⇔ ℓ(Y; θ) = ERY,τ
[ℓc(Y,Z,W; θ)]− ERY,τ

[logP(Z,W|Y; θ)]

But KL[RY,τ , logP(Z,W|Y; θ)] = −ERY,τ
[log

P(Z,W|Y; θ)

RY,τ
]

= −ERY,τ
[logP(Z,W|Y; θ)]+ERY,τ [logRY,τ ]︸ ︷︷ ︸

−H(RY,τ )

⇔ KL[RY,τ , logP(Z,W|Y; θ)] +H(RY,τ ) = −ERY,τ
[logP(Z,W|Y; θ)]

Thus ℓ(Y; θ)−KL[RY,τ , logP(Z,W|Y; θ)] = J (τ ; θ)
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On the BIC-L

ICL(θ̂) = EZ,W|Y[ℓc(Y,Z,W; θ̂)]− 1

2
pen(. . . )

EZ,W|Y[ℓc(Y,Z,W; θ̂)] = log p(Y; θ̂)−H(p(Z,W|Y))

And thus, ICL(θ̂) = log p(Y; θ̂)−H(p(Z,W|Y))− 1

2
pen(. . . )

Z,W|Y intractable, use the variational approximation RY,τ̂ and don’t
penalize the entropy we derive the BIC-Like:

BIC-L(θ̂, τ̂) = ERY,τ̂
[ℓc(Y,Z,W; θ̂var)] +H(RY,τ̂ )−

1

2
pen(. . . )

Biernacki et al., 2000; Daudin et al., 2008; Chabert-Liddell et al., 2024
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Practical problems of choosing Q1,Q2

Exploration problems

Sensitivity to initializations.

→ Spectral clustering and split &
merge approach

Exploration of a 2D grid is costly.

→ Greedy approach and sliding
window
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Choice of (Q1,Q2) - Greedy approach

1 2 3 4 5
1

2

3

4

5

Q1

Q2

Initial model :

Model after split :

Model maximizing
the criterion :

Model after merge :
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