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Model Context
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Why a network?

@ Increasingly available

o Ecosystems described by
their interactions

Pollinators

Node type ® Insect ® Plant e

Figure 1: Plant-pollinator R e Functional structure for:

network from Bristol biodiversity monitoring,
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Baldock et al., 2019 igure jacency robustness, risk of
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collapse
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Multiple networks

Pollinators
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(a) Bristol

Pollinators

Pollinators

Piants
Plants

(c) Leeds (d) Reading

Figure 3: Adjacency matrices, Baldock et al., 2019

L. Lacoste Bipartite networks collection



Multiple networks
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Analysis methods for a network

Several methods :
@ Metrics at

> node level: degree, centrality. ..
> network level: density, nestedness. ..

Kolaczyk, 2009

o Node embedding and/or clustering with latent variable models
Snijders and Nowicki, 1997; Hoff et al., 2002

@ Node or network embedding with Graph Convolutional Networks
Kipf and Welling, 2016
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Bipartite Stochastic Block Model (BiSBM?)

Govaert and Nadif, 2005

Hierarchical model
Vq € I[la Ql]]’ P(Zi = CI) = Tq
Vre |[17 Q2]]7P(VVJ = r) = Pr
YilZi = q, W; = r ~ Bern(ag,r)

where

|T] = @1, |p| = @2, ]a] = Q1 x Q2

Figure 5: Example of BiSBM

Concise BiSBM formula
Y ~ Bern-BiSBMp, n,(Q1, @2, 7, p, )

!Commonly Known as Latent Block Model (LBM) in the literature.
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Model 0: sep-BiSBM

Vme {1...M}, Y™ % Bern-BiSBMop no(Q1, ™, 7™, p™, a™)
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Model 0: sep-BiSBM

Vme {1...M}, Y™ % Bern-BiSBMop no(Q1", @, 7", p, a™)
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Model 0: sep-BiSBM

Pollinators
Pollinators

Plants

Plants

(a) Bristol, @ =3, @ =3 (b) Edinburgh, @ =3, Q, =3

Pollinators
Pollinators

Plants o
Plants
(c) Leeds, @ =3, Q2 =2 (d) Reading, Q1 =3, Q2 =3

Figure 6: Separate BiSBM fit for each network
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Bipartite collection models
L]

Several joint models

iid-colBiSBM
Vm e {1...M}, Y™ % Bern-BiSBMpp np(@Q1, @2, , p, )
with 0 = (7, p, o).

@ No shared nodes across networks

@ Agnostic of structure
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Bipartite collection models
L]

Several joint models

iid-colBiSBM
Yme{l...M},Yy" X Bern-BiSBMpn nn(Q1, @2, 7, p, )
with 6 = (7, p, a).

mp-colBiSBM
Vm e {1... M}, Y™ * Bern-BiSBMop no(Q1, Q. 7", 97, )
with 0 = (7 )m=1,...m, (P ) m=1,. .M, @).

@ No shared nodes across networks

@ Agnostic of structure
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Inference and model selection
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Parameter estimation
How ?

Mz

oyY;0)=>» (Ym™o)

3
Il
-

log > exp{lc(Y™, Z™, W™, 0)}
ZmeZm Wmeyym

M= 1M

log > exp{l(Y™|Z™, W™; a)+
1 ZmeZm Wmeyym

M)+ (WM p)}
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Inference and model selection
[ leJele]

Parameter estimation
How ?

<

(Y;0)=>_LY™;6)

m=1

g > exp{lc(Y™, 2™, W™ 0)}
zZmezZm Wmeyym
g

S epld(YIZ7, WTa)t
Zmezm Wmeyym
)+ (W™ p)}

M
>
m=1

M
>
m=1

(zm
EM impracticable since Z, W|Y intractable due to conditional dependency.

L. Lacoste Bipartite networks collection



Inference and model selection
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Parameter estimation

Solution
Variational EM Daudin et al., 2008; Chabert-Liddell et al., 2024.
Variational approximation of Z, W|Y, §(t~=1)

Rym (27, W) =Ry, (Z™)xR3 m »(W™) = independence between
rows and columns, mean field approximation.

M
0(Y;0)> > <ERW,T Zm wm) [e (Y™ zm wm, 9(t))]

m=1

H(Rym gio (27, vvm))) T(Ry.r:0)

where 6 = (7, p, ) for iid-colBiSBM
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Inference and model selection
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Selection criterion for Qq, Q>

Integrated Classification Likelihood (ICL) Biernacki et al., 2000

ICL(Y, @1, Q) = E[Fe(Y,Z,W; )] — Spen(@1, Q)
n a 1
= (Y;0) - H(p(Z, WIY, ) ~ Jpen(Qu, Q)

For SBM Daudin et al., 2008.
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Inference and model selection
[e]e] o]

Selection criterion for Qq, Q>

Integrated Classification Likelihood (ICL) Biernacki et al., 2000
ICL(Y, @1, Q) = E[Fe(Y,Z,W; )] — Spen(@1, Q)
= (Y 0) ~ H(p(Z, WIY, ) ~ S pen(Qu, @2)
For SBM Daudin et al., 2008.
BIC-L(Y, Q1, @) = Ery . [c(Y, Z,W; §"")] + H(Ry 7) — %pen(Ql, Q)

~ 1
- j(RY,?a evar) - §pen(Ql7 Q2)
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Inference and model selection
[e]e]e] )

Practical problems of choosing @1, Q>

Exploration problems
@ Sensitivity to initializations.

@ Exploration of a 2D grid is costly.
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Inference and model selection
[e]e]e] )

Practical problems of choosing @1, Q>

Exploration problems

@ Sensitivity to initializations. — Spectral clustering and split &
merge approach

@ Exploration of a 2D grid is costly.
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Inference and model selection
[e]e]e] )

Practical problems of choosing @1, Q>

Exploration problems
@ Sensitivity to initializations. — Spectral clustering and split &
merge approach

@ Exploration of a 2D grid is costly. — Greedy approach and sliding
window
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Results Baldock et al., 2019
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Figure 7: Shared structure (o matrix) and proportions (7 and p) of the four networks
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Results Baldock et al., 2019

Pollinators
Pollinators

Plants Plants’

(b) Edinburgh

(a) Bristol

Pollinators

Pollinators

Plants
Plants

(c) Leeds (d) Reading

Figure 7: iid-colBiSBM fit, Q1 =3, =5
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Focus on Leeds
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(a) sep-BiSBM, @; =3,@Q =2 (b) iid-colBiSBM, @; =3,@, =5
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Bombus

(a) Bombus Hortorum or garden (b) Bombus Lapidarius or red-tailed
bumblebee bumblebee

L. Lacoste Bipartite networks collection



Application
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Bombus

Generalists
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garden bumblebee
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Specialists

Figure 10: Shared structure (o matrix) of the four networks
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ce and model selection Application Conclusion

[ Je]

Conclusion and perspectives

Summary
@ 4 models including 3 with flexibility on at least one of the dimensions
(adaptability to data).
o Jointly detect classic and less classic structures agnostically.
o Partition a collection in sub-collections with homogeneous structures.
@ R package colSBM at https://github.com/GrossSBM /colSBM

Future work
@ Article in redaction

o Apply clustering to data from Pichon et al., 2024; Doré et al., 2021 to
tell if interaction types drives the structure of the network.

v
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https://github.com/GrossSBM/colSBM
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Clustering Viodel s Appendices referel

Clustering algorithm

[Provide a collection to partition]

|

| Fit colBiSBM =

|

Repeat on @ Compute a dissimilarity matrix of
and @ the collection

Split the collection into 2 sub- o X0)
collections and fit colBiSBMs

¥2,(BICL(®)) > BIC-L@E)? Return [

Q @ 5
Dai(m, m') = 3> max(Fr 7a) (g — agl ) max(py, 77)
g=1r=1
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Model selection
[ ele}

Developed formula of variational EM

M n™ nJ’
(Y;:0) = > (ii ooy erm|ogf(Y ; Qgr)

m=1 " =1 j=1q€Q1,m r€Qom
ny’ ny'
2 2 maloem Y > 7 logp”
i=1 qeglm J:]- r€Q2m
—zf g 7" z iog ") = 7(r:0)
Variational approximation
1,m _ 1 _ 2,m _ 152 _
7-iq - RY’",T(ZiZ, - 1) and 7:/'r =R ’",T(M/j:‘n - 1) J
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Model selection
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Variational Expectation Step

) = argmax J (, a(t)) < arg m€i7n_KL[RY,n PLIY]

N m(t (t /\.2,m(t+l)
7l ,m m( )H z Hreg"’ ( agr))TJ
A(f) ~1,m(t+1)

7_jr (pr(t)H QEQTf( O‘qr)'q Vi=1,....,n0,re Q7

,
g
I

\.'_l

g € Qr

2|nitialization of 7 with a spectral clustering on the networks.
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Model selection
ooe

Maximization Step
grtD) = arg max ViGN
Connectivity parameters

n2 1 m 2 my,m
a Zm—l Zl_l /q Jr YIJ

ar = 1,m_2
Zm 1 Zl—l lqujr’m

Proportions for iid

M n' 1, M ny' 2,
~ Zm:l Ziil Tiqm ~ Zm:1 jil 7—jr "

Tqg = M Pr = M
Em:l nin Zm:l nén
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Model selection
ooe

Maximization Step
o1+ = arg max ViGN

Connectivity parameters

n2 1 m 2 my,m
~ Zm—l Zl_l /q Jr YIJ

Qgr = L,m 2
Zm 1 Zl—l 2 lqujr7m

Proportions for mp

ny 17m nm 27m
~m ZI—1 iq ~m ZJ 1yr
q nm Pr= nm
1 2
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Clustering Model selection

[e]e]e}

Why does VE minimizes KL 7

0:(Y,Z,W; ) = log P(Z, W|Y; 0) + £(Y; 6)
& 0(Y;0) = (Y, Z,W;0) — log P(Z, W|Y; 0)
& Ery, [((Y:60)] = Ery, [lc(Y,Z,W; 6)] — Er,_[log P(Z, W|Y; 6)]
& U(Y;0) = Ery [lc(Y, Z,W; )] — Er, . [log P(Z, W|Y; 0)]

P(Z,W|Y;0)

But KL[Ry.,.log P(Z,W|Y;0)] = ~Ex, [log——7
’ Y, T

]

= —Ery . [log P(Z, W|Y; )]+ ERy (g Ry ,]
—_————
7H(RY,T)
& KL[Ry ,,log P(Z,W|Y; 0)] + H(Ry ;) = —Er, _[log P(Z, W|Y; 0)]

Thus ((Y;0) — KL[Ry -, log P(Z, W|Y;0)] = J(7;6) [
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Clustering Model selection Appendices references
o 000 °

On the BIC-L

ICL(D) = Ezwiv[(e(Y. Z.W; 6)] %pen(. )
Ezwy[lc(Y,Z,W; 0)] = log p(Y; 8) — H(p(Z, W[Y))
And thus, ICL() = log p(Y;8) — H(p(Z,W]Y)) — %pen(. )

Recalling that Z, W|Y is inaccessible, we use the variational approximation
Ry and not penalizing the entropy of the distribution we derive the
BIC-Like criterion:

~ Y 1
BIC-L(0, 7) = Ery . [6e(Y, Z,W; 6"")] + H(Ry.z) — Zpen(...)
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Choice of (@1, Q) - Greedy approach

@

@ Initial model :
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Choice of (@1, Q) - Greedy approach

@

@ Initial model :

i o Model after split :
3 o Model maximizing
the criterion :
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o]

Choice of (@1, Q) - Greedy approach

@

@ Initial model :

i o Model after split :
3 o Model maximizing
the criterion :

o @ Model after merge :

) o
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Choice of (Q1, Q) - Sliding window

0.
w1

Figure 11: Sliding window
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Choice of (Q1, Q) - Sliding window

T ‘ Initialization of the model if J

necessary

Figure 11: Sliding window
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Choice of (Q1, Q) - Sliding window
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Choice of (Q1, Q) - Sliding window

@ Localization of the new mode

Figure 11: Sliding window
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Choice of (Q1, Q) - Sliding window

Move to the new mode then
Q> iterate J

Figure 11: Sliding window
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